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1. Introduction 



ABSTRACT. Given a finite-dimensional complex Lie algebra g equipped with a nondegen- 
erate, symmetric, invariant bilinear form B, let I4(fl, B) denote the universal affine vertex 
algebra associated to g and B at level k. For any reductive group G of automorphisms of 
14 (g, B), we show that the invariant subalgebra Vk (fl, B) G is strongly finitely generated for 
generic values of k. This implies the existence of a new family of deformable W-algebras 
W(g, B, G)t which exist for all but finitely many values of the parameter k. 

in 

< 

We call a vertex algebra V strongly finitely generated if there exists a finite set of genera- 
tors such that the collection of iterated Wick products of the generators and their deriva- 
tives spans V. Many known vertex algebras have this property, including affine, free field 
and lattice vertex algebras, as well as the W-algebras W(g, f)k associated via quantum 
Drinfeld-Sokolov reduction to a simple, finite-dimensional Lie algebra q and a nilpotent 
element / eg. Strong finite generation has many important consequences, and in par- 
ticular implies that both Zhu's associative algebra A(V), and Zhu's commutative algebra 
CN 1 V/C 2 (V), are finitely generated. 

In recent work, we have investigated the strong finite generation of invariant vertex al- 
gebras V G , where V is simple and G is a reductive group of automorphisms of V. This is a 
vertex algebra analogue of Hilbert's theorem on the finite generation of classical invariant 
rings. It is a subtle and essentially "quantum" phenomenon that is generally destroyed 
by passing to the classical limit before taking invariants. Often, V admits a G-invariant 
filtration for which gr(V) is a commutative algebra with a derivation (i.e., an abelian ver- 
tex algebra), and the classical limit gr(V G ) is isomorphic to (gr(V)) G as a commutative 
algebra. Unlike V G , gr(V G ) is generally not finitely generated as a vertex algebra, and a 
presentation will require both infinitely many generators and infinitely many relations. 

Isolated examples of this phenomenon have been known for some years (see for exam- 
ple I BFH 1 1 EFH 1 1 DNl IIFKRWI IIKWYB ) , although the first general results of this kind were 



obtained by the author in ||LII| , in the case where V is the /37-system S(V) associated to 
the vector space V = C n . The full automorphism group of S(V) preserving a natural con- 
formal structure is GL n . By a theorem of Kac-Radul [KRJ, S(V) GLn is isomorphic to the 
vertex algebra Wi +00 with central charge —n. In [Llj we showed that Wi +(X)r n has a mini- 
mal strong generating set consisting of n 2 + 2n elements, and in particular is a W-algebra 
of type W(l, 2, . . . , n 2 + 2n). For an arbitrary reductive group G C GL n , S(V) G decom- 
poses as a direct sum of irreducible, highest-weight Wi +00i _ n -modules. The strong finite 
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generation of >Vi +O0r „ implies a certain finiteness property of the modules appearing in 
S{V) G . This property, together with a classical theorem of Weyl, yielded the strong finite 
generation of S(V) G . Using the same approach, we also proved in |LII| that invariant 
subalgebras of foe-systems and frc/^-systems are strongly finitely generated. 



In [jLIII] we initiated a similar study of the invariant subalgebras of the rank n Heisen- 
berg vertex algebra %{n). The full automorphism group of H(ri) preserving a natural 
conformal structure is the orthogonal group 0(n). Motivated by classical invariant the- 
ory, we conjectured that T-i(n)°^ is a W-algebra of type W(2, 4, . . . , n 2 + 3n). For n = 1, 
this was already known to Dong-Nagatomo |DNj, and we proved it for n = 2 and n = 3. 
We also showed that this conjecture implies the strong finite generation of T-L(n) G for an 
arbitrary reductive group G. 

In this paper, we study invariant subalgebras of the universal affine vertex algebra 
V k (g, B) for a finite-dimensional Lie algebra g equipped with a nondegenerate, symmet- 
ric, invariant bilinear form B. Recall that V k (g, B) has generators X^, which are linear in 
(Eg, and satisfy the OPE relations 



X^(z)X\w) ~ kB(£,r))(z- w)~ 2 + X [ ^\w)(z 



w 
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Let G be a reductive group of automorphisms of V k (g, B) for all k e C. Our main result is 

Theorem 1.1. For any g, B, and G, V k (g, B) G is strongly finitely generated for generic values of 
k, i.e., for k G C \ K where K is at most countable. 

A deformable W-algebra is a family of vertex algebras W k depending on a parameter k, 
equipped with strong generating sets A k = {a^, . . . , a^}, whose structure constants are 
continuous functions of k with isolated singularities. It is customary in the physics lit- 
erature to assume that one of the generators is a Virasoro element (with central charge 
depending continuously on k) and the remaining generators are primary, but in our defi- 
nition these conditions have been relaxed. The structure constants here are the coefficients 
of each normally ordered monomial in the elements of A k and their derivatives, which ap- 
pear in the OPE of a\ (z)a k j (w), for i, j = 1, . . . ,r. An easy consequence of Theorem ll.ll is 

Corollary 1.2. For any g, B, and G as above, there is a deformable W-algebra W(g, B, G) k which 
exists for all but finitely many values ofk. For generic values ofk, W(g, B, G) k = V k (g, B) G . 

Perhaps the best-studied examples of deformable W-algebras are the algebras W(g, f) k 
associated to a simple, finite-dimensional Lie algebra g, and a nilpotent element / G 
g (see [KRWJ and references therein). These algebras have the property that they are 
freely generated; there exists a strong finite generating set such that there are no nontrivial 
normally ordered polynomial relations among the generators and their derivatives (see 
|DSKJ). By contrast, W(g, B, G) k is generally not freely generated for the simple reason 
that gr(V k (g, B)) G = (Sym J>O Vf) G , which is almost never a polynomial algebra. These 
vertex algebras form a new and rich class of deformable W-algebras, and it is important 
to study their representation theory as well as their structure. For generic values of k, 
W(g, B, G) k will be simple, but for special values of k these algebras will possess nontriv- 
ial ideals. It is likely that for positive integer values of k, there exist new rational vertex 
algebras arising as quotients of vertex algebras of this kind. 

The proof of Theorem ll.ll is divided into three steps. The first step is to prove it in the 
special case where g is abelian, so that V k (g, B) = %(n) for n = dim($j), and G is the full 



2 



automorphism group 0(n) of %(n). The second step (which is a minor modification of 
Theorem 6.9 of |LIII| ) is to show that the strong finite generation of %{n) ^ n ' implies the 
strong finite generation of l-L(n) G for an arbitrary reductive group G. The third step is to 
reduce the general case to the case where g is abelian. More precisely, if G acts on V k (g, B) 
for all k, G acts on the weight-one subspace V k (g,B)[l] = g, and G preserves both the 
bracket and the bilinear form on g. Therefore G C 0(n) and G also acts on T-L(n). Both 
V k (g, B) G and H(n) G admit G-invariant filtrations, and we have linear isomorphisms 

(1.1) H(n) G S gr(H(n) G ) S gr(H(n)) G S gr(V k (g, B) G ) gr(V k (g, B)) G S V fc (fl, 5) G , 
and isomorphisms of graded commutative rings 

(1.2) gr(V k (g, B)f = (Sym V 3 f - gr(U(n)) G . 

j>0 

Here Vj = C n = g as G-modules. Therefore both V fc (g, B) G and T-i(n) G can be viewed as 
deformations of the same classical invariant ring R = (Sym ® J>0 Vj) G . By a theorem of 
Weyl, there is a natural (infinite) generating set S for (S^m J>O Vj) G consisting of a finite 
set of generators for (Sym 0"Lq V,) 6 together with their polarizations. Under and 
(|1.2[) , 5 corresponds to (infinite) strong generating sets T and C/ for V.(n) G and Vfc(g, -B) G , 
respectively. 

Since H(n) G is strongly finitely generated, we may assume without loss of generality 
that there is a finite subset V = {p 1 , . . . ,p s } C T, which strongly generates V,(n) G . In other 
words, T-L(n) G = (T') r where (T') denotes the space of normally ordered polynomials in 
Pi, . . . , p s and their derivatives. This implies that any q E T admits a "decoupling relation" 

(1.3) q = P(p 1: ...,p s ), 

where P lies in (T"). The relations in (Sym@- >Q Vj) G among the generators in S are 
given by the second fundamental theorem of invariant theory for (G, V). We may view the 
decoupling relation (|1.3|) as a deformation of such a classical relation. 

Let U' C U C Vfc(g, 5) G be the set corresponding to T' under (|1.1|) , which we denote by 
{pi, . . . ,ps\, and let ([/') denote the space of normally ordered polynomials in pi, . . . ,p s 
and their derivatives. Given q E T, let q E U be the element corresponding to q under 
(|1.1[) . We show that for generic values of k, the decoupling relations (|1.3|) can be used to 



construct analogous (but more complicated) decoupling relations 
(1-4) q = Q(pi,---,Ps), 

in Vfc(g, i?) G for all q E U, where Q lies in (V). This implies that U' is a strong generating 
set for V k (g, B) G for generic values of k. 

Finally, let W(g, B, G) k be the vertex subalgebra of V k (g, B) G generated by U' . Clearly 
(U') C W(g, B, G) k for all k, and the equality (U') = W(g, B, G) k holds precisely when 
W(g, B, G)k is strongly generated by U'. We will see that W(q, B, G) k is a deformable W- 
algebra whose structure constants are rational functions of k, so (U'} = W(g,B,G) k for 
all but finitely many values of k. 

The idea of studying V k (g, B) G via the simpler object T-i(n) G is analogous to studying 
classical invariant rings of the form U(g) G via the Poincare-Birkhoff-Witt abelianization 
Sym(g) G = gr(U(g) G ) = gr(U(g)) G . Here U(g) denotes the universal enveloping algebra 
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of g, and G is a group of automorphisms of U(g). A generating set for U (g) G can be ob- 
tained from a generating set for Sym(g) G , and the leading term of a relation among the 
generators of U(g) G corresponds to a relation among the generators of Sym(g) G . How- 
ever, more subtle information about the structure and representation theory of U(g) G can- 
not be reconstructed in this way. Likewise, we can view %{n) as a kind of "partial abelian- 
ization" of V k (g, B). By passing to the full abelianization gr(V k (g, B)) = Sym J>O Vj of 
Vk(Q,B), we destroy too much structure, and gr(Vk(g, B)) G generally fails to be finitely 
generated. By contrast, T-L(n) retains enough structure (notably, it is still a simple vertex 
algebra) so that strong generating sets for T-i(n) G and V k (g, B) G are closely related. 

2. Vertex algebras 

In this section, we define vertex algebras, which have been discussed from various 
different points of view in the literature (see for example [BJIFLM][K]|FBZ]). We will 
follow the formalism developed in [LZI] and partly in [Li]. Let V = V Q © Vy be a super 
vector space over C, and let z, w be formal variables. By QO(V), we mean the space of all 
linear maps 

V -»■ V({z)) := {J^v^z-^lvin) E V, v(n) = f or n » 0}. 

Each element a E QO(V) can be uniquely represented as a power series 

a = a{z) :=J2< l (n)z' n ~ 1 E {End V)[[z, z~% 

We refer to a(ri) as the nth Fourier mode of a(z). Each a e QO(V) is assumed to be of the 
shape a = ao + cl\ where : Vj — > Vi+j((z)) for i,jE Z/2Z, and we write |o»| — i. 

On QO(V) there is a set of nonassociative bilinear operations o n/ indexed by n E Z, 
which we call the nth circle products. For homogeneous a,b E QO(V), they are defined 
by 

a(w) o n b(w) = Res z a(z)b(w) l\ z \>\ w \(z - w) n - (-iy am Res z b(w)a(z) l\ w \>\ z \(z - w) n . 

Here t\ z \>\w\f(z, w) E C[[z, z" 1 , w, w' 1 ]] denotes the power series expansion of a rational 
function / in the region \z\ > \w\. We usually omit the symbol t\ z \>\w\ and just write 
(z — w)^ 1 to mean the expansion in the region \z\ > \w\, and write — (w — z)^ 1 to mean the 
expansion in \w\ > \z\. It is easy to check that a(w) o n b(w) above is a well-defined element 
of QO(V). 

The non-negative circle products are connected through the operator product expansion 
(OPE) formula. For a,b E QO(V), we have 

(2.1) a(z)b(w) = a ( w ) °n b{w) ( z ~ w)~ n ~ 1 + ■ a(z)b(w) : , 

which is often written as a(z)b(w) ~ J^n>o a ( w ) °™ K w ) ( z ~ w)^ n ^ 1 , where ~ means equal 
modulo the term 

: a(z)b(w) : = a{z)Jb{w) + (-l) lam b(w)a(z) + . 

Here a(z)- = E^o ^) 2- ™ -1 an< ^ a ( z )+ = S n >o o,{n)z" n ~ 1 . Note that : a(w)b(w) : is a 
well-defined element of QO(V). It is called the Wick product of a and b, and it coincides 
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with a o_! 6. The other negative circle products are related to this by 

n! a(z) o_„_ 1 b(z) = : (d n a(z))b(z) : , 

where d denotes the formal differentiation operator j- z . For ai(z), ak(z) G QO(V), the 
&;-fold iterated Wick product is defined to be 

(2.2) : a 1 (z)a 2 (z) ■ ■ ■ a k (z) : = : 01(2)6(2) : , 

where b(z) = : a 2 (z) ■ ■ ■ a k (z) : . We often omit the formal variable z when no confusion 
will arise. 

The set QO(V) is a nonassociative algebra with the operations o n and a unit 1. We have 
1 o n a = <5 n ,-ia for all n, and a o n 1 = 5 n -\a for n > — 1. A linear subspace A C QO(y) 
containing 1 which is closed under the circle products will be called a quantum operator 
algebra (QOA). In particular A is closed under d since da = ao_ 2 l. Many formal algebraic 
notions are immediately clear: a homomorphism is just a linear map that sends 1 to 1 
and preserves all circle products; a module over A is a vector space M equipped with a 
homomorphism A — > QO(M), etc. A subset S — {di\ i G /} of A is said to generate A if 
any element aGi can be written as a linear combination of nonassociative words in the 
letters a ir o n , for i G / and n G Z. We say that S 1 strongly generates A if any a 6 i can be 
written as a linear combination of words in the letters di, o n for n < 0. Equivalently, *4 is 
spanned by the collection {: d kl a il (z) ■ ■ ■ d km a im (z) : | z 1; . . . , i m G /, fci, . . . , & m > 0}. 

We say that a, b G QO(V) quantum commute if (2 — w) Ar [a(2), 6(u>)] = for some iV > 0. 
Here [, ] denotes the super bracket. This condition implies that a o n b = for n > N , 
so (|2.1|) becomes a finite sum. If iV can be chosen to be 0, we say that a, b commute. 
A commutative quantum operator algebra (CQOA) is a QOA whose elements pairwise 
quantum commute. Finally, the notion of a CQOA is equivalent to the notion of a vertex 
algebra. Every CQOA A is itself a faithful ^.-module, called the left regular module. Define 

p:A^QO{A), a^a, a(()b = J^(a o n b) C~ n_1 . 

Then p is an injective QOA homomorphism, and the quadruple of structures (A, p, 1, d) 
is a vertex algebra in the sense of [FLMJ. Conversely, if (V, Y, 1, D) is a vertex algebra, the 
collection F(V) C QO(V) is a CQOA. We wz'ZZ refer to a CQOA simply as a vertex algebra 
throughout the rest of this paper. 

The main examples we consider are the universal affine vertex algebras and their invariant 
subalgebras. Let be a finite-dimensional Lie algebra over C, equipped with a nondegen- 
erate, symmetric, invariant bilinear form B. The loop algebra g[t, t^ 1 ] = g ® C[t, t^ 1 } has a 
one-dimensional central extension g = g[t, t -1 ] © Ck determined by £>, with bracket 

^t n , v t m } = l£,r)}t n+m + nB(t,r))5 n+rnt0 K, 

and Z-gradation deg(^t n ) = n, deg(K) = 0. Let g> = n>o 0n where g n denotes the 
subspace of degree n. For k G C, let C k be the one-dimensional g> -module on which £t n 
acts trivially for n > 0, and k acts by the times the identity. Define V k = U (g) ®u{$ >Q ) C k , 
and let X^(n) G End(T4) be the linear operator representing £i n on 14. Define X^(z) = 
Snez Xt(n)z~ n ~ 1 , which is easily seen to lie in QO(V k ) and satisfy the OPE relation 

Xt(z)X r '{w) ~ kB{^ V ){z ~ w)- 2 + X^{w){z - w)- 1 . 
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The vertex algebra Vk(g,B) generated by {X^\ £ G g} is known as the universal affine 
vertex algebra associated to g and B at level k. 

Two special cases will be important to us. First, suppose that g is simple, so that B is 
a scalar multiple of the normalized Killing form (, ) = (, )k, for some scalar k. In this 
case, it is customary to denote 14 (g, B) by 14 (5). Let n = dim(g), and fix an orthonormal 
basis {£1, . . . , £ n } for g relative to (, ). For k ^ —h y where h v is the dual Coxeter number, 
Vk(o) is a conformal vertex algebra with Virasoro element 

1 - 



1=1 



of central charge k f™^\ such that each is primary of weight one. This Virasoro ele- 
ment is known as the Sugawara conformal vector, and it lies in Vfc(g) G for any group G of 
automorphisms of 14(g). At the critical level k = —h y , L(z) does not exist, but Vfc(g) still 
possesses a quasi-conformal structure; there is an action of the Lie subalgebra {L n \ n > — 1} 
of the Virasoro algebra, such that L 1 acts by translation, L acts diagonalizably, and each 
has weight one. In fact, this quasiconformal structure exists on Vfc(g, B) for any g and 
B. We will always assume that Vfc(g, B) is equipped with this conformal weight grading; 
note that the weight-one subspace Vjt(g, B) [1] is then linearly isomorphic to g. Any group 
of automorphisms of I4(g, B) preserving this grading must act on g and preserve both 
the bracket and the bilinear form. 

Next, suppose that g is abelian. Since B is nondegenerate, V k (g, B) is just the rank n 
Heisenberg vertex algebra H(n). If we choose an orthonormal basis {£1, . . . for g, 
T-L(n) is generated by {a 1 = X^ \ i = 1, . . . , n}, satisfying the OPE relations 

There is a conformal structure of central charge n on T-L(n), with Virasoro element 

L{z) = l -j^:a\z)a\z) :, 

i=l 

under which each a 1 is primary of weight one. 



3. Category TZ 

Let TZ be the category of vertex algebras A equipped with a Z> -filtration 

(3.1) -4(0) C A {1) C A {2) C ■ ■ • , A = |J A (k) 

k>0 

such that .A(o) = C, and for all a G A(k), b G Aq), we have 

(3.2) ao n b G A(k+i), forn<0, 

(3.3) a o n b G A(k+i-i), forn>0. 
Elements a(z) G A(d) \ -4(d-i) are said to have degree d. 

Filtrations on vertex algebras satisfying (|3.2[) - (|3.3[) were introduced in |LH , and are 
known as good increasing filtrations. Setting A(-\) = {0}, the associated graded object 
gr(A) = fe>o A(k) I A(k-i) is a Z> -graded associative, (super)commutative algebra with 



6 



a unit 1 under a product induced by the Wick product on A. In general, there is no natural 
linear map A — > gr(A), but for each r > 1 we have the projection 

(3.4) r : .A (r) ->■ A^/Air-i) C #r(.4). 

Moreover, gr(^4.) has a derivation 9 of degree zero (induced by the operator d = j- on A), 
and for each a G .A^ and n > 0, the operator ao n on A induces a derivation of degree 
d — k on gr(A.), which we denote by a(n). Here 

fc = swp{j > 1| A(r) o n A( 8 ) C A( r +s-j) Vr, s, n > 0}, 

as in |LL| . Finally, these derivations give (?r(^4) the structure of a vertex Poisson algebra. 

The assignment A >->■ gr(*4) is a functor from 7?. to the category of Z> -graded (su- 
per)commutative rings with a differential d of degree 0, which we will call <9-rings. A 
<9-ring is the same thing as an abelian vertex algebra, that is, a vertex algebra V in which 
[a(z], b(w)} = for all a, b G V. A <9-ring A is said to be generated by a subset {a.j| z G J} 
if {<9 fe aj| z G /, /c > 0} generates A as a graded ring. The key feature of 1Z is the following 
reconstruction property IILL1 : 

Lemma 3.1. Let Abe a vertex algebra in 7Z and let {a^l i G 1} be a set of generators for gr(A) 
as a d-ring, where a* is homogeneous of degree di. Ifdi(z) G A^) ar e vertex operators such that 
4>di{a>i{z)) = a ir then A is strongly generated as a vertex algebra by {di(z) \ i G I}. 



As shown in ||LJ[, there is a similar reconstruction property for kernels of surjective 
morphisms in TZ. Let / : A — > B be a morphism in 7?. with kernel J , such that / maps 
A{k) onto for all k > 0. The kernel J of the induced map gr(f) : gr(A.) — >■ gr(i3) is 
a homogeneous 9-ideal (i.e., d J C J). A set {a»| i G /} such that tij is homogeneous of 
degree is said to generate J as a <9-ideal if {d k ai \ i G J, k > 0} generates J as an ideal. 

Lemma 3.2. Let {a^i G 1} be a generating set for J as a d-ideal, where a { is homogeneous 
of degree d { . Then there exist vertex operators a^z) G A^) with 4> di (a,i(z)) = a ir such that 
{a>i{z) \ i G /} generates J as a vertex algebra ideal. 

For any Lie algebra g and bilinear form B, V k ($, B) admits a good increasing filtration 

(3.5) V k fa B\ 0) C V k (g, B) {1) c • • • , V k (g, B) = \J V k (g, B) U) , 

where V k (g,B)^ is defined to be the vector space spanned by iterated Wick products 
of the generators and their derivatives, of length at most j. We say that elements 
of Vfe(fj, .B)(j) \ Vjt(g, have degree j. For any group G of weight-preserving au- 

tomorphisms of Vk(s, B), this filtration is G-invariant, and we have an isomorphism of 
commutative algebras 

(3.6) gr(V k (Q,B)) = Sym^V„ 

were V 3 = g as G-modules. The generators of gr(V k (Q, B)) are Xf, which correspond to 
the vertex operators d j X^. Since V k (g, B) has a basis consisting of iterated Wick products 
of the generators and their derivatives, V k (Q, B) = gr(V k (Q, B)) as vector spaces, although 
not canonically. The filtration (|3.5[) is inherited by V k (Q, B)°, and 

(3.7) gr(V k (g, B)f = gr(V k ( d , B) G ) = (Sym V 3 f 
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as commutative rings. Finally, note that Sym J>O Vj has a natural <9-ring structure, where 
the derivation d acts on the generators xj E Vj by d(xj) = Xj + \. Clearly d commutes with 
the action of G, so d acts on (Sym >0 ^) G / and (|3.7[) is an isomorphism of <9-rings. 

4. Some classical invariant theory 
We briefly recall some terminology and results about invariant rings of the form 

R = {Sym®V,) a , 

j>0 

where each Vj is isomorphic to some fixed C7-module V. In the terminology of Weyl, a 
first fundamental theorem of invariant theory for the pair (G, V) is a set of generators for R. 
In some treatments, a first fundamental theorem is defined as a set of generators for the 
larger ring (Sym J>O (V 7 © Vj)) G , where V* = V* as C7-modules, but here we only need 
to consider (Sym >0 Vj) G . A second fundamental theorem of invariant theory for (G, V) is a 
set of generators for the ideal of relations among the generators of R. 

First and second fundamental theorems of invariant theory are known for the stan- 
dard representations of the classical groups HWel and for the adjoint representations of 
the classical groups flPj, but in general it is quite difficult to describe these rings explic- 
itly However, there is a certain finiteness theorem of Weyl (II.5 Theorem 2.5A of [WeJ) 
that will be useful. Note that for all p > 0, there is an action of GL P on 0^I O K?' which 
commutes with the action of G. The inclusions GL p <^-> GL g for p < q sending 

u 1 q—p 

induce an action of GL^ = linip^oo GL P on J>O Vj. We obtain an action of GL^ on 
Sym J>O Vj by algebra automorphisms, which commutes with the action of G. Hence 
GLoo acts on R as well. The elements a E GLoo are known as polarization operators, and 
given f E R, af is known as a polarization of /. 

Theorem 4.1. (Weyl) R is generated by the set of polarizations of any set of generators for 
(SymffijZl Vj) G , where n = dim(V). Since G is reductive, (SymffijZl Vj) G is finitely gener- 
ated. Hence there exists a finite set {/i, . . . , f r } of homogeneous elements ofR, whose polarizations 
generate R. 

Note that taking the complete set of polarizations is unnecessary. We can always find a 
minimal set S of polarizations of {/i, . . . , f r } which generates R, such that no element of S 
is a nontrivial polynomial in other elements of S. Clearly for allp > n, S Pi (Sym 0j =o ) G 
will be a finite generating set for (Sym 0j =o ) G . Next, recall that R has the structure of a 
<9-ring. For our purposes, we will need a minimal set of generators for R as a <9-ring, and 
our set S may not be minimal in this sense. Any element of S of the form d k s for s E S 
and k > 0, and any nontrivial polynomial in the elements of S and their derivatives can 
be removed, and the resulting set will still generate R as a <9-ring. 

Let V be a vertex algebra with a good increasing filtration such that V G = gr(V G ) as 
linear spaces, and gr(V) G = gr(V G ) = (SymQ) j>Q Vj) G = R as <9-rings, where Vj is iso- 
morphic to some finite-dimensional C7-module V, for all j > 0. Our main example of such 
a vertex algebra is V k (g, B) where V = g. Choose homogeneous elements {/i, . . . , f r } C R 
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whose polarizations generate R, and choose a minimal set S of polarizations which gener- 
ates R as a (9-ring. Let T = {s(z) \ s E S} C V G be the set of vertex operators corresponding 
to S under the linear isomorphism V G = R. By Lemma 13. 11 T is a strong generating set 
forV G . 

Given a homogeneous polynomial p G gr(V G ) = -R of degree d, a normal ordering of p 
will be a choice of normally ordered polynomial P G (V G )(d), obtained by replacing each 
s G 5 by G T, and replacing ordinary products with iterated Wick products of the 
form (|2.2[) . Of course P is not unique, but for any choice of P we have <fid(P) = P, where 

<\>d : (V G ) (d) -> (V G ) W /(V G ) (< i-i) C gr(V G ) 

is the usual projection. 

Suppose that p is a relation among the generators of R coming from the second funda- 
mental theorem for (G, V), which we may assume to be homogeneous of degree d. Let 
pd £ yG kg some normal ordering of p. Since gr(V G ) = R as graded rings, it follows that 
P d lies in V^ G _ 1 - ) . The polynomial 4>d-i(P d ) G R is homogeneous of degree d — 1; if it is 
nonzero, it can be expressed as a polynomial in the variables s E S and their derivatives. 
Choose some normal ordering of this polynomial, and call this vertex operator —P d ~ l . 
Then P d + p d ~ l has the property that 

MP d + P d ~ l ) =p, P d + P d ~ l e (V G ) (rf -2). 
Continuing this process, we arrive at a vertex operator 

(4.i) p = J2 pk eyG 

k=l 

which is identically zero. We view P as a quantum correction of the relation p, and it is 
easy to see by induction on degree that all normally ordered polynomial relations in V G 
among the elements of T and their derivatives, are consequences of relations of this kind. 

In general, R will not be finitely generated as a 9-ring. However, since the relations 
(|4.1[) are more complicated than their classical counterparts, it is still possible for V G to be 
strongly generated as a vertex algebra by a finite subset T' c T. For this to happen, each 
element t G T\T' must admit a "decoupling relation" expressing it as a normally ordered 
polynomial in the elements of T and their derivatives. Given a relation in V G of the form 
(|4.1|) , suppose that some t G T\T' appears in P k for some k < d, with nonzero coefficient. 
If the remaining terms in (|4.1[) only depend on the elements of T' and their derivatives, 



we can solve for t to obtain such a decoupling relation. The existence of a complete set 
of decoupling relations for all t G T \ T' is a subtle and nonclassical phenomenon, since 
it depends on precise properties of the quantum corrections appearing in relations of the 
form (|4~1~1) . 



5. Invariant subalgebras of Heisenberg vertex algebras 

In ULlIIJ we studied invariant subalgebras of the rank n Heisenberg vertex algebra T-L(n), 
and we briefly recall our main results. Recall that 1-L(n) = gr(T-L(n)) as linear spaces, and 
gr(H(n)) = Sym J>O Vj as commutative rings. Here Vj is spanned by {a* | i — 1, . . . , n}, 
where a*- is the image of &>a l (z) under the projection <pi : "H(n)(i) — > 'H(n)(i)/'H(n)( ) c 
gr(H(n)). The action of 0(n) on "H(n) preserves the filtration and induces an action of 
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0(n) on gr(H(nj), and Vj = C n as 0(n)-modules for all j > 0. We have a linear isomor- 
phism 1-L(n) ^ = gr(T-L(n) 0( - n ^), and isomorphisms of commutative rings 

(5.1) gr(U(n)°^) = (gr(U(n))°^ = {Sym V,)° (n) . 

The following classical theorem of Weyl [WeJ describes the generators and relations of the 
ring (Sym 0.> o ^-)° (n) : 

Theorem 5.1. For j > 0, let Vj be the copy of the standard O(n)-module C n with orthonormal 
basis {xij\ i = 1, . . . , n}. The invariant ring (Sym >o V^) ^- 1 zs generated by the quadratics 

n 

(5.2) q a:b = ^ x i,a x i,b, 0<a<b. 

i=l 

For a > b, define q a , b = q b>a , and let {Q a ,b\ a,b > 0} be commuting indeterminates satisfying 
Q a ,b = Qb,a and no other algebraic relations. The kernel I n of the homomorphism C[Q a ,b] — > 
(Sym 3>o Vj)°^ sending Q a<b h> q a , b is generated by the (n + 1) x (n + 1) determinants 

(5-3) d u = : ; 

-Qin,jo ' ' ' Qi n iJn- 

In this notation, I = (i Q , . . . , i n ) and J = (jo,-- - ,j n ) we lists of integers satisfying 
(5.4) < i < • • ■ < i n , < j Q < ■ ■ ■ < j n . 

Under the projection 

h : (tt(n) <">) (2) (n(n)°W) m /(H(n)°M) {1) C gr(U(n)°^) = {Sym@Y,)°<- n \ 

the generators q a , b of (Sym 0„ >Q V,-) 01 ^ correspond to vertex operators uo a , b given by 
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(5.5) u a , b = : cTa i d b a i :, < a < b. 

i=i 

By Lemma l3.1[ the set {oj aj h\ < a < b} is a strong generating set for V.(n)°^. In fact, there 
is a somewhat more economical set of strong generators which is more natural from the 
point of view of vertex algebras. For each m > 0, let A m denote the vector space spanned 
by {co a ,b\ a + b = m}, which is homogeneous of weight m + 2. We have dim(A 2m ) = m + 1 = 
dim(A 2m+ i) and 

dim(A 2m /d(A 2m -i)) = 1, dim(A 2m+1 /d(A 2m )) = 0. 
For m > 0, define 

(5.6) f m = 000,2m. 

Clearly j 2m is not a total derivative, so A 2m has a decomposition 

(5.7) A 2m = d(A 2m _ l ) © (j 2m ) = <9 2 (A 2m _ 2 ) © (j 2m ), 
where (j 2m ) is the linear span of j 2m . Similarly, 

(5.8) A 2m+1 = d 2 (A 2m ^) © (dj 2m ) = d 3 (A 2m „ 2 ) © (dj 2m ), 
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and it is easy to see that ^d 2l i 2m ~ 2l \ < % < m} and {d 2l+1 j 2m - 2t \o < i < m} are bases 
of A 2 m and A 2m +i, respectively. It follows that {j 2m \ m > 0} is an alternative strong 
generating set for 1-L{n) ^ l \ 

We can realize 1-L (n)°W as the quotient of a vertex algebra V„ which is freely generated 
by vertex operators {J 2m (z) \ m > 0}, under a map n n : V n — > H(n)°^ sending J 2m i-> 
j 2m . In other words, there are no normally ordered polynomial relations in V n among the 
generators and their derivatives. There is an alternative strong generating set 

{^a,b\ 0<a<b} 

for V„ such that n n (£l ayb ) = u ayb . Recall the variables Q a ,b and q ayb appearing in Theorem 
15.11 Since V n is freely generated by {J 2m \ m > 0}, and the sets {£l a ,b\ < a < b} and 
{d k J 2m \ k,m > 0} form bases for the same vector space, we may identify gr(V n ) with 
C[(Ja,&]/ and we identify gr(H(n) 0(j ^) with C[q a>b ]/I n . Under this identification, gr(i: n ) : 
gr(V n ) — > gr(V,(n)°^) is just the quotient map sending Q a:b i-)- q ayb . 

There is a good increasing filtration on V„ such that (V n )(2k) is spanned by iterated Wick 
products of the generators £l a ,b, of length at most k, and (V n )(2fc+i) = {V n )(2k)- Equipped 
with this filtration, V n lies in the category 1Z, and n n is a morphism in 1Z. Clearly n n maps 
each filtered piece (V n )(k) onto (H(n)°( n ^)( k ), so the hypotheses of Lemma [3721 are satisfied. 
Since I n = Ker(gr(n n )) is generated by the determinants d ItJl we can apply Lemma 13721 to 
find vertex operators 

(5.9) D T)J E (Vn)( 2n +2) 

satisfying 4>2n+2{D i y j) = d IyJ , such that {D IyJ } generates X n . Here 

02n+2 : (V n )(2«+2) — > (V n )(2n+2)/(V n )(2n+l) 

is the usual projection. Since n ayb has weight a + b + 2, it follows that 

n n 

wt(D IyJ ) = \I\ + \J\ + 2n + 2, |/|=5^i B , \J\ = Y,^- 

a=0 a=0 

Since there are no relations in T-L(n)°^ of degree less than 2n + 2, Dj j is uniquely deter- 
mined by the conditions 

(5.10) <p2n+2{D Iy j) = d IyJ , TX n (D IyJ ) = 0. 

Given a homogeneous polynomial p G gr(V n ) = C[Q ay b] of degree k in the variables Q a ,b, 
recall that a normal ordering of p is a choice of normally ordered polynomial P E (V n )(2fc), 
obtained by replacing Q ayb by Vl ayb , and replacing ordinary products with iterated Wick 
products. For any choice of P we have 4>2k{P) = V- Let D 2n j~ 2 E (V n )( 2 n+2) be some 
normal ordering of d IyJ . Then ir n (D 2n / 2 ) E (7-L(n)°^)(2n)- Using the procedure outlined 
in Section |H we can find a sequence of quantum corrections D 2k j for k = 1, . . . , n, which 
are homogeneous, normally ordered polynomials of degree k in the variables Vt ayb , such 
that Ylk=i ^ es i* 1 * ne kernel of 7r n . We have 

n.+ l 

(5-11) Dj^Y^D^j, 

k=l 

since D IyJ is uniquely characterized by (|5.10[) . 
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In this decomposition, the term Dj j lies in the space A m spanned by {£l a ,b\ a + b = m}, 
for m = \I\ + 1 J\ + 2n. From now on, we will restrict ourselves to the case where m is even. 
In this case, A m = d 2 (A m _ 2 ) © ( J m ), and we define pr m : A m — > (J m ) to be the projection 
onto the second term. In BLlIIJ we defined the remainder R^j to be pr m {D 2 j). We write 

(5.12) R ItJ = R n (I, J) J m , 

so that R n (I, J) denotes the coefficient of J m in pr m (Dj j). By Lemma 4.4 of flLIII] , R n (I, J) 
is independent of the choice of decomposition (|5.11|) . 

Define a grading %{n) = r>o %( n ) <r ' ) / where H(n)^ is spanned by all normally or- 
dered monomials 

: d k ' ai ■ ■ ■ d k ^a x d k *a 2 ■ ■ ■ d k ^a 2 ■ ■ ■ d k "a n ■ ■ ■ d k ^a n : . 

In this notation, (k\, . . . , k l ) are sequences of integers satisfying < k{ < k\ < ■ ■ ■ < k\_ 
for all % = 1, . . . , n, and 

n 

Y^k\ + ... + K t =r. 

i=l 

This grading is compatible with the good increasing filtration on T-L{n) in the sense that 

ft(")(r) = 0i= o ^( n ) (r) and K(n) {r) = W(n)(r)/W(n) (r _i). Moreover, the action of 0{n) 
preserves the grading, so we obtain a grading V,{n)°^ = r>o (^(V) o(n) ) (r) and an iso- 
morphism of graded vector spaces 

i n : H{n)°^ (SymQVjfM, Vj = C n . 

j>0 

Let p E (Sym@ j>Q Vj)°( n } be a homogeneous polynomial of degree 2d, and let / = 
{in)~ l {p) £ ("H(ra)°( n ^ 2 ^ be the corresponding homogeneous vertex operator. Let F E 
(V n )(2d) be a vertex operator satisfying 7r„(F) = /, where n n : V n — > 1-L(n) 0{j{] is the projec- 
tion. We can write F = Ylk=i F 2k > where F 2k is a normally ordered polynomial of degree 
k in the vertex operators f2 a)b . 

Next, let V be the vector space C n+1 , and let 

j>0 

be the generator given by (|5.2[) . Here Vj is isomorphic to V for j > 0. Let p be the 
polynomial of degree 2d obtained from p by replacing each q a:b with q a>b/ and let / = 
(i n +i)~ l (p) E + l)°( n+1 ))( 2a! ) be the corresponding homogeneous vertex operator. Fi- 
nally, let F 2k E V n +i be the vertex operator obtained from F 2k by replacing each {l ajb with 
the corresponding vertex operator & ajb E V n+ i, and let F = J2i=i F 2k - 

Lemma 5.2. Fix n>\, and let D I:J be a relation in V„ of the form (|5.9|) . There exists a decompo- 
sition Dij = Y^k=l D 2k j of the form (|5.11|) such that the corresponding vertex operator 

71+1 

D TiJ = Dj k j E V n+1 

k=l 

has theproperty that K n +i{Dij) lies in the homogeneous subspace ("H(n+l)°( n+1 )) (2n+2 ) of degree 
2n + 2. 
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Proof. The argument is the same as the proof of the corresponding statement (Corollary 
4.14 of 10) and is omitted. □ 

We shall find a recursive formula for R n (I, J) in the case where m = \I\ + |J| + 2n is 
even. Note that for a + b = m, we have pr m ({l ajb ) = (— l) m J m . Using this fact, it is easy to 
check that for n = 1, 1 = (i , i\) and J = (jo, ji)/ 

• / (-iy° f-iv' 1 \ • / (-i)*° (-D jo \ 

(5.13) RAI, J) = (-iy° ^ + ^ - (-1) J1 ^ + ^ + 

-!)*> + (-i) ji \ _ ( _ 1)n / (-iy° + (-!)*> 



2 + zo+jo 2 + jo+ii/ V 2 + «o+Ji 2 + jo+ji 

Next, we will express i? n (7, J) for all / = (z , . . . , z n ), J = (jo> • • • , jn) i n terms of the 
expressions R n -i(K, L). Let di t j and D^j be the corresponding elements of C[Qj t k] and 
V n/ respectively. By expanding the determinant djj along its first column, we have 

n 

d>i,j = y^(-i) r Qi rJ - G?/ r) j', 

r=0 

where I r = (i , . . . , i r , . . . , i n ) is obtained from / by omitting i r , and J' = (ji, ■ ■ ■ ,j n ) is 
obtained from J by omitting j . Let -D/ ri j' G V n _i be the vertex operator corresponding to 
the n x n determinant d IrjJ /. By Lemma IBT21 there exists a decomposition 

n 

1=1 

such that the corresponding element = XZILi ^i* J' e ^ n nas * ne property that 

^n{Di r ^ji) lies in the homogeneous subspace (H(n) 0( - n ^Y 2n ^ of degree 2n. We have 

n n n 

(5-14) J>l) r : ^D^j, : = £ £(-1)' : O^D?^ : . 

r=0 r=0 i=l 

The right hand side of (|5.14|) consists of normally ordered monomials of degree at least 2 
in the vertex operators Vt a ,b, and hence contributes nothing to the remainder Ri y j. Since 
ir n (Dj r ji) is homogeneous of degree 2n, n n (: &, irt j Dp :J r :) consists of a piece of degree 
2n + 2 and a piece of degree 2n coming from all double contractions of fi ir J0 with terms 
in Dj/j r , which lower the degree by two. The component of 

,(^(-iy ■. n irtj0 D IrtJ , A en(n) 

\ r=0 ' 

in degree 2n + 2 must cancel since this sum corresponds to the classical determinant djj. 
The component of : Q ir> j Q D IrjJ i : in degree 2n is 

D i r ,k,J' jD/ '-' J / \ ,/ -.v/'cYv^ D W jD/ ''" / i' 



7T r . 



\0(n) 



" \ Z ^i k + ir + 2 ^ Jl + i r + 2j v ; + 2 + 2 

In this notation, for k = 0,...,n and k ^ r, J rfc is obtained from J r = (i , . . . , i r , . . . , i n ) by 
replacing the entry i k with i fc + i r + j + 2. Similarly, for I = 1, . . . , n, J[ is obtained from 
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J' = (ji, . . . , j n ) by replacing j t with ji + i r + j + 2. It follows that 
(5-15) : Q irJO D IrJ/ : ) = 7rJ^(-l)^ r V 

Combining (|5.14|) and (|5.15|) , we can regard 



EEt-^^wo^-Et- 1 )^ 

r=0 i=l i=0 

as a decomposition of D ItJ of the form D ItJ = ^2^=1 wri ere the leading term D 2 "^ 2 = 
Ylr=o(~ l) r : ^irjo^frj' '• I* ronows that </) is the negative of sum of the terms 
R n -i(K, L) corresponding to each D KyL appearing in J2r=o(~ l) r SV- We therefore obtain 
the following recursive formula: 

(5.i6) rm, j) = - Y(-in-ir ( y itWW ' ) + y Rn - i ^ J i} ) 

_ X^f-l W-1 V'o ( \ Rn-l(R,k, J') \- R n ~l(Ir, J'i) \ 

For / = (0, 1, . . . , n) = J, Dj j is the unique element (up to scalar multiples) of minimal 
weight n 2 + 3n + 2 in the ideal X n c V„. Let R n denote the coefficient J) of J™ 2+3 « 
appearing in the remainder Rj ; j. Using our recursive formula we can calculate the first 
few values of R n : 

Table 1. Some values of R„ 



n 


1 


2 


3 


4 


5 


6 


Rn 


5 


149 


2419 


67619 


1391081 


40984649 


4 


600 


705600 


18670176000 


4879637199360000 


25145492674607585280000 



In Oil]/ the values R lr R 2 , and R 3 also appear, but R\ was stated (erroneously) to be 



. The condition R n ^ gives us a decoupling relation 



n 2 +3n _ r>( -0 -2 -n 2 +3n-2\ 



in T-i{n) 0( - n \ where P is a normally ordered polynomial in j°,j 2 , . . . , j n2+3n - 2 and their 
derivatives. By Theorem 4.7 of |LIII], if such a decoupling relation exists, by applying the 
operator j 2 o 1 repeatedly, we can construct higher decoupling relations 

f r = Q2r(f,f,...,f 2+3n - 2 ) 

for all r > \(n 2 + 3n). Since R n ^ for n < 6, these calculations imply the following 
result: 

Theorem 5.3. For n < 6, T-i(n) 0(jl) has a minimal strong generating set {j°,j 2 , . . . , j n2+3n ~ 2 }, 
and in particular is a W-algebra of type W(2, 4, . . . , n 2 + 3n). 
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Even though we do not prove the conjecture that R n ^ for all n, we can still show that 
r H(n)°^ is strongly finitely generated. Let 

/ = (0, 1, . . . , n), J = (0, 1, . . . , n — 1, a), a>n, a = nmod2, 



and define a function f(a) = R n (I, J). It is immediate from (|5.13|) and (|5.16|) that f(a) is a 



rational function of a, so it has at most finitely many zeroes. Let a be the minimal value 
of a such that f(a ) ^ 0, and let m = \(n 2 + In + a ). It follows that the coefficient of J 2m 
appearing in Dj j is nonzero, so we obtain a decoupling relation 

f m = P(f,f,...,f m - 2 )- 

As in the proof of Theorem 4.7 of [LIII], applying the operator j 2 o 1 repeatedly yields 
decoupling relations j 2r = Q r (j°,j 2 , ■ ■ ■ ij 2m ~ 2 ) f° r a U r > m. This proves 

Theorem 5.4. For all n > 1, H(n)°^ is strongly generated by j 2 , . . . , j 2m_2 }. 

For an arbitrary reductive group G of automorphisms of H(n), the structure of T-L(n) G 
can be understood by decomposing T-L(n) G as a module over H(n) 0( ~ n \ By Theorem 5.1 
of OH , the Zhu algebra of U{n)°^ is abelian, which implies that all its irreducible, 
admissible modules are highest- weight modules. Moreover, both T-L(n) and l-L(n) G de- 
compose as direct sums of irreducible, highest-weight -modules. By Theorem 
6.1 of ILIIIj, there is a finite set of irreducible H(n)°( n )-submodules of l-L(n) G whose di- 
rect sum contains an (infinite) strong generating for H(n) G . This shows that l-L(n) G is 
finitely generated as a vertex algebra. If we assume the conjecture that R n ^ 0, so that 
{f,j 2 , ■ ■ .,j n2+3n ~ 2 } strongly generates U(n) 0{ - n \ Theorem 6.9 of QUI shows that U{n) G 
is strongly finitely generated. In fact, the only step where this conjecture was needed was 
the proof of Lemma 6.7 of [LIII], which gives a finiteness property of each irreducible, 
highest-weight H(n)°( n )-submodule of T-L(n). This proof of this lemma goes through if 
we replace \ {n 2 + 3n) with the integer m appearing in Theorem 15.41 above. This proves 

Theorem 5.5. For all n > 1 and any reductive group G C 0(n), %{n) G is strongly finitely 
generated. 



6. Invariant subalgebras of affine vertex algebras 

Let q be an n-dimensional Lie algebra equipped with a nondegenerate, symmetric, in- 
variant bilinear form B, and let G be a reductive group of automorphisms of Vk(g,B) 
preserving the conformal weight grading, for all A; G C. In this section, we will prove 
Theorem 11.11 which states that Vfc(g, B) G is strongly finitely generated for generic values 
of k. Since G acts on g and preserves both the bracket and the bilinear form, G lies in 0(n), 
and therefore acts on T-L(n) as well. The key idea behind the proof is that both Vk(g, B) and 
H(n) admit C7-invariant, good increasing filtrations, and we have linear isomorphisms 

U(n) G = gr(H(n) G ) = gr(H{n)) G = gr(V k (g, B) G ) = gr(V k (g, B)) G = V k (g, B) G 

and isomorphisms of graded commutative rings 

gr(V k (g, B)) G = (Sym V 3 ) G - gr(H(n)) G \ 
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where Vj = C n = g as G-modules, for all j > 0. Hence both V k {g, B) G and U{n) G can be 
viewed as deformations of the same classical invariant ring R = (Sym © J>0 Vj) G . By The- 
orem [47Q there is a finite set {fx, . . . , f t } of homogeneous generators for (Sym 0™~q > 
whose polarizations generate R. Let {dx, . . . , d r } be the set of distinct degrees of the el- 
ements {fx, . . . , ft}, with d\ < d 2 < ■ ■ ■ < d r . Since the action of GL^ on R preserves 
degree, all polarizations of these elements must have degree dj for some j = 1, . . . , r. As 
in Section |H we may choose a minimal subset S of these polarizations, which generates 
R as a 9-ring. It follows from Lemma 13.11 that the sets X c T-L(n) G and U C \4(g,-B) G 
corresponding to S under the linear isomorphisms H(n) G = R = Vk(g, B) G , are strong 
generating sets for T-i(n) G and V k (g, B) G ', respectively 

Even though S is a minimal generating set for R as a 9-ring, T and U need not be 
minimal strong generating sets for T-L(n) G and Vk($, B) G , respectively, as vertex algebras. 
In fact, since 1-L(n) G is strongly finitely generated, there is a finite set 

T = {p u . . .,p s }, 

which we may assume without loss of generality to be a subset of T, which strongly 
generates T-L(n) G . In other words, T-L(n) G = (T') r where (X") denotes the space of normally 
ordered polynomials in p x , . . . ,p s and their derivatives. Let S' C S C R be the subset 
corresponding to T' under the linear isomorphism l-i{n) G = R, and let (S') denote the 
space of polynomials in the elements of 5" and their derivatives. In general, S' will not 
generate R as a 9-ring, so (S') will be a proper subset of S. Since S is a minimal generating 
set for R as a 9-ring, it follows that 

(6.1) {S \ S') n (S f ) = 0. 

Otherwise such elements could be removed from S and the resulting set would still gen- 
erate R as a 9-ring. 

Let wo be the maximal weight of elements of T . Without loss of generality, we may 
assume that T' contains all elements of T of weight at most wq. Let q E T be a vertex 
operator of weight w > w and degree d, which must coincide with dj for some j = 
1, . . . , r, since these are the only possible degrees of elements of T. Since X" is a strong 
generating set for l-L{n) G , there exists a decoupling relation 

(6.2) q = P(px,..., Ps ) 

where P lies in (X') . Without loss of generality, let us choose P so that its leading term 
has minimal degree e. We may write 

e 

p = pa > 

a=d\ 

where dx is the minimal degree of the elements of X, and P a E (X') is a homogeneous, 
normally ordered polynomial of total degree a. (In other words, P a is a normal ordering of 
some homogeneous polynomial of degree a in the elements of S' and their derivatives). 
Moreover, since there are only double contractions in the vertex algebra H(n), we may 
assume that the degree of each nontrivial term appearing in P has the same parity as d. 
In other words, P a = whenever a — d = 1 mod 2. In particular, e has the same parity 



as d. It is clear from (|6.1|) that e > d and that the leading term P e is a normal ordering 
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of some relation in R; as is Section HI we may view (|6.2[) as a quantum correction of this 
relation. In fact, we can rewrite (|6.2[) in the form 

e 

(6.3) A ° = °> A " = pa for a ^ A d = P d -q. 

a=di 

It is convenient to introduce the parameter k into our Heisenberg algebra H(n). We 
denote by T-Lk(n) the vertex algebra with generators a l (z), i = 1, . . . , n, and OPE relations 

a l {z)a^{w) ~ k5ij(z — w)~ 2 . 

Of course the vertex algebras "Hfc(n) are all isomorphic for fc ^ 0, and for any reductive 
G C 0(n), the invariant subalgebras Hk(n) G are isomorphic as well. The generators of 
"Hfc(n) G are the same for all k ^ 0, but since each double contraction among the generators 
of T-ik{n) introduces a factor of k, the decoupling relation corresponding to (|6.2|) becomes 

e 

(6.4) A^ (e - d) g = ^ k^ e ~ a) P a . 

a=d\ 

We use the same notation V = {p 1: . . . ,p s } for our strong generating set, regarded now 
as a subset of l-Lk{ n ) G ■ As above, we may rewrite (|6.4|) in the form 

e 

(6.5) k^ e ~ a) A a = 0. 

a=d\ 

Let U' C U C Vfc(g, _B) G denote the subset corresponding to T' under the linear isomor- 
phism T-i k (n) G = R = Vfc(g, B) G . Let pi G U' be the elements corresponding to pi G T', and 
let ([/') denote the space of normally ordered polynomials in p 1 , . . . ,p s and their deriva- 
tives. Given q G U corresponding to q G T, we will use the modified decoupling relation 



(|6.4[) to construct an analogous relation 



(6.6) X(k)q = Q a > 

a=d± 

for q in Vk(g,B) G . Here Q a is a normally ordered polynomial of total degree a in the 
elements of U and their derivatives, and the coefficient \(k) is a polynomial in k whose 
leading term is ki( e ~ d \ Unlike P a which lies in (T') r Q a need not lie in (U') r so (|6.6|) 
need not be a decoupling relation, and will require further modification. If we work in 
an orthonormal basis {X^\ i = 1, . . . ,n} for g relative to (, ), the second-order poles in 
the OPEs of X^(z)X^(w) and a l (z)a j (w) are the same, namely k5ij(z — w)~ 2 . Therefore 
passing from Hk(n) to V k (jj, B) amounts to "turning on" the first-order polar part of the 
OPEs among the generators X^ of V k (g, B). 

Given a normally ordered polynomial P G T-Lk(n) G in the elements of T, let P G 
Vk(g, B) G denote the corresponding normally ordered polynomial in the elements of U. 
Since gr(?ik(n)) G = R = ^r(X^(g, as graded rings, P e is a normal ordering of a re- 
lation in R. As in SectionHl there exist B a G Vfe(g, B) G of degree a for a = di, . . . , e with 
5 e = P e , and 5^L=rfi pa = ^- Note that the indices a need not be parity-homogeneous 
because there are both single and double contractions in Vk(g, B) G . There is a lot of flexi- 
bility in the choice of these quantum corrections, and as we shall see, certain pieces have 
to be chosen with some care. 
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The important observation is that the coefficients of all monomials appearing in B a 
are polynomials in k. The leading degree of such a coefficient, regarded as a polynomial 
in k, will be called the k-degree. It is clear from the OPE relations in (q, B) that each 
double contraction among the generators which lowers the total degree by two, will 
introduce a factor of k, and each single contraction, which lowers the degree by one, will 
not introduce a factor of k. For each term B a for which a has the the same parity as e, the 
highest fc-degree that can occur is |(e — a), which occurs only if every possible contraction 
was a double contraction. These terms are therefore the same as the corresponding terms 



in the relation (|6.5|) in Hk(n) . More precisely, for all a of the same parity as e, we may 



choose B a so that 

(6.7) B a = k^ e ~ a) A a + ■■■ , 

where (■ ■ ■) consists of monomials whose coefficients have lower A;-degree. Note also 
that when a has the same parity as e, the coefficient of each term appearing in 5 a_1 has 
A;-degree at most ~(e — a). 

In degree d, since A d = P d — q and P d G (T'), it follows that 

(6.8) B d = k^ e - d) P d - k^ e ~ d) q + (■■■), 

where the coefficient of each term appearing in (■ • • ) has A;-degree at most |(e — d) — 1. If 
q appears in (• • • ), we can rewrite (|6.8|) in the form 



B d = k^ e - d) P d -\(k)q +(■■■), 

where q does not appear in (■■■), and X(k) is a polynomial in k whose leading term is 
k¥ e ~ d \ Finally, letting Q a = B a for a ^ d and Q d = B d + X(k)q, we obtain a relation 
X(k)q = YT a =d-L Q a °f me form (|6.6|) . Note that Q d is independent of q, and whenever a and 
e have the same parity, Q a satisfies 

Q a = k^ e - a ^P a + ■ ■ ■ , 

where the coefficient of each term in (■ • ■ ) has lower fc-degree. For a < e, the term P a lies 
in (W), but the other terms appearing in Q a need not lie in (£/'}, and can depend on other 
elements of U. We need to systematically eliminate these variables for generic values of 
k, and construct a decoupling relation expressing q as an element of (V). 

We begin with the elements of weight w + 1. Recall that d\,...,d r are the distinct 
degrees of the elements of U, with d x < d 2 < ■ ■ ■ < d r . For j = 1, . . . , r, let {q~j,i, ■ ■ ■ , qj,tj } 
be the set of elements of U of weight w + 1 and degree dj. Let 

Uj,h Qj,tj} C T C H k (n) G , {sj, i, . . . , s j}tj } C S C R 

be the sets corresponding to {q~j,i, ■ ■ ■ , Q'j,^ } under the linear isomorphisms Vk(g, B) G = 
R = T-Lk(n) G . First we consider the elements qi t %, . . . , qi )tl of minimal degree d\. For each 
of the corresponding elements q\^ G T, there is a decoupling relation 



(6.9) k^- dl) qi,i = Yl fc^ (ei, '" a) - P M 

a=(ii 
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in H k (n) G of the form (|6.4|) , where has the same parity as d\, and each lies in (T"). 
There is a corresponding relation 



ei, 



(6.10) A M (fe)g 1;i = ^ Ql 



a=di 



in Vfc(g, _B) G of the form (|6.6|) , where the coefficient Xi : i(k) has &;-degree — g?i), and 

gi^ does not appear in Qf\. Since the term P*\ appearing in (|6.9[) lies in (T'), and qij lies 



in T \ T" for j = 1, . . . , t\, it follows from (|6.1[) that gij does not appear in P 1 J. Therefore 
the coefficient of qij in for j ^ i can have £>degree at most \{e\,i — d\) — 1. We may 
write in the form 

Qt = J2^M^ + -- - , 

i=i 

where e^^fc) = 0, and the term (• • ■ ) lies in (U'}. Clearly each 6ij(k) for j ^ i has £>degree 
at most \{e\,i — d\) — 1. We can rewrite these relations in the form of a linear system of t\ 
equations 

ti 

(6.11) y^^j(fc)gij = R hi , i = l,...,t 1 . 

3=1 

In this notation, Hi t j{k) = €ij(k) for j ^ i, and ^{k) = —\i yi (k). Moreover, the vertex 
operator R lti = YTa=d nas * ne property that Rf\ e (U'), since all the elements of 



degree d\ that do not lie in ([/'} now appear on the left hand side of (|6.11|) . In fact, we 
claim that for d\ < a < d 2 , each term R c [ i lies in (U'). Since every element of U has 
degree di for some i = 1, . . . , r, and d\ < a < d 2 , it follows that R1 i is a normally ordered 
polynomial in the degree d\ elements of U and their derivatives. Since a > d\, each term 
in R"i must be nonlinear in these generators, and in particular a must be a multiple of d\. 
Since the weight of R% i is w Q + 1, each factor of degree d\ appearing in each monomial can 
have weight at most w 0/ and hence will lie in (U'). 



Since the diagonal entries ^(k) appearing in (|6.11[) have /c-degree \(ei ti — d\), and all 



other entries Hij(k) for j ^ i have lower A;-degree, the determinant of this system is a 
nonzero polynomial of leading k-degree YliLi |( e i,« — Hence this system is invertible 
over the fraction field C(k), so we obtain new relations of the form 

e i,« 

(6.12) g M =^^., 1 = 1,...,^. 

a=di 

Here is a normally ordered polynomial in the elements of U and their derivatives, 
which is homogeneous of degree a. By construction, S 1 ^ lies in (U'} for di < a < d 2 . Note 
that the indices e[ { need not be the same as the indices appearing in the old relations 
(|6l0) . 

Clearly the higher terms for a > d 2 need not lie in (U'), so we need to iterate this 



procedure and further modify the relations (|6.12|) . Recall that g 2 ,i, • • • , <?2,t 2 G ^ are the 



elements of degree d 2 and weight u> + 1/ and g 2 ,i, ■ • • , Q2,t 2 are the corresponding elements 
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(n) G 



of T c T-Lk(n) G . There are decoupling relations in % k 
(6.13) k^-^q^ = k^-^P^ 

a=d\ 

of the form (|6.4[) , where e 2| j has the same parity as d 2/ an d P 2i is a homogeneous normally 
ordered polynomial of degree a in (T"). The corresponding relation in V^Oj, -B) g is of the 
form 



e 2,i 



(6.i4) X2,m&,i = Qh 

a=d\ 

where X 2i i(k) has fc-degree |(e 2 ,i — d 2 ). Moreover, the leading term Q 2 2 - ! = -P 2 i' ! / and for 
each a of the same parity as d 2 , we have Q 2 i = fc^ e2 i_a )P 2 i i + • • ■ , where the coefficient 
of each monomial appearing in (■ ■ • ) has A;-degree at most |(e 2) j — a) — 1. In degree d 2 , 
Q 2i is independent of g 2ji , but may depend on the elements g 2j for j ^ i. However, the 
coefficient of q 2 j in Q d 2i will have /c-degree at most |(e 2 ,j — d 2 ) — 1. 

By degree and weight considerations, the terms Q 2 i for d\ < a < d 2 each lie in (£/'). 
The argument is the same as the proof of the corresponding statement for On the 
other hand, the degree di term Q 2 \ in (|6.14|) need not lie in ([/'), and may depend on 
the elements q^i, . . . , q~\ >tl - We need to eliminate these terms using the relations (|6.12|) 



constructed above. Suppose first that d\ and d 2 have the same parity. Since the degree 
d 1 term P 2 \ E H k {n) G in (|6.13|> lies in (T'), it follows that the coefficient of each term 
<7i,i) • • • > 9i,ti appearing in Q 2 h i can have A;-degree at most |(e 2 ,i — di) — 1. If appears in 
for some / = 1, . . . , t\, we can use (|6.12|) in the case i = I to eliminate it. Of course 



this can introduce a new multiple of q 2 j for j = 1, . . . ,t 2 , in degree d 2 . However, the 
maximal A;-degree of terms appearing in Sf] is —\{d 2 — di), which is a negative integer 
since (|6.12[) has been normalized so that the fc-degree of the left hand side is zero. Hence 



the coefficients of these new multiples of q 2 ,j must be rational functions of k, of /c-degree 
at most 

~(e 2 ,i - d x ) - 1 - -(d 2 - d x ) = -(e 2 ,< - d 2 ) - 1. 

Since the coefficient X 2 ,i(k) of q 2ji in (|6.14|) has /c-degree |(e 2)i — d 2 ), any multiple of q 2ji 
introduced by our procedure of eliminating the degree d\ terms q\j cannot cancel the 
term \ 2 ,i(k)q 2ji . So we can collect terms involving q 2>i and rewrite our relation in the form 

(6-15) = E R h> 

a=d\ 

where the coefficient v 2 ,i{k) is a rational function of /c-degree \{e 2 ^ — d 2 ), and R 2 i lies in 
(U') for di < a < d 2 . Note that our elimination procedure may have introduced terms in 
degree greater than e 2 i , so it is possible that e 2 i > e 2}i . Finally, the degree d 2 term R 2 \ is 
independent of q 2 ^, and still has the property that the coefficient of any term of the form 

q 2 j for j i has /c-degree at most |(e 2)i — d 2 ) — 1. 

Next, suppose that di and d 2 have opposite parity. Since the parity of e 2 i is the same as 
the parity of d 2 (and hence opposite to the parity of d\), the coefficient of each term in Q 2 \ 
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can have A;-degree at most |(e 2) j — di — 1). Any terms appearing in Q d ^ i of the form q^,i can 
be eliminated using the relations (|6.12[) . Since the maximal k-degree of terms appearing 
in S 1 ] is — \ ( d 2 — di + 1 ) , this procedure may introduce new terms of the form q 2 ,j in degree 
d 2/ but their coefficients will be rational functions in k, of fc-degree at most 

^(e 2 ,i - di - 1) - -(d 2 -d 1 + l) = -(e 2 ,i - d 2 ) - 1. 

Thus we can collect terms involving q 2 i as above, and we obtain a similar relation of the 
form (|6.15|) , where R 2i lies in (If) for d\ < a < d 2 . As above, R d 2i is independent of q 2ti , but 
may depend on q 2 j for j ^ i. However, the coefficient of such terms can have fc-degree at 
most \(e 2 ,i -d 2 )-l. 

Regardless of whether d\ and d 2 have the same or opposite parity, each monomial ap- 
pearing in i?2 i f° r d 2 < a < d 3 must be nonlinear in the elements of U of degrees di or 
d 2 , and their derivatives. Since the weight of each factor can be at most w , it follows that 
R 2i G (If) for d 2 < a < d 3 . The degree d 2 term R 2i need not lie in (If), but we can elimi- 
nate the terms q 2 ,j f° r j * which do not lie in (If) using the same procedure we used in 
the degree d\ case. First, we rewrite the relations (|6.15|) in the form of a linear system of t 2 
equations 

2j Hij(k)q 2>j = S 2 ,i, i = 1, • • • , t 2 . 

3=1 

Here ^(k) = —v 2y i{k), which has fc-degree \(e 2yi — d 2 ), and fJ-i,j(k) has fc-degree at most 

\ (e2,» — <i 2 ) — 1 for j 7^ i. Moreover, the vertex operators 5 2) i = Y^a=d x &2i have the property 
that S 2i G (If) for d\ < a < d 3 . As in the case of (|6.11|) , the corresponding determinant is 
invertible over C(k), so we obtain new relations 

e" 
2,i 

&.< = E T ^ 

a=d\ 

for z = 1, . . . , t 2 , where by construction, T 2i lies in (If) for d\ < a < d 3 . Note that the 
upper indices e 2i may be different from e 2i . Of course T 2i need not lie in (If) for a > d 3 . 

Now, using the same procedure, for each element g 3j i, . . . , g 3ji3 G C/ of weight w + 1 and 
degree rf 3 , we can construct a relation of the form 

e3,i 

= E 7 ^ 

a=d\ 

where T 3 a i G ([/') for di < a < d A . Continuing this process, in degree dj_ x , each element 
<jj-i,i for i = 1, . . . , tj^i satisfies a relation 

e j-l,i 

(6-16) = T U,» 

a=d\ 

where Tj_ Xi G (V) for di < a < dj. Finally, in the highest degree d r among elements of U , 
we have honest decoupling relations 

a=d\ 
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for i = 1, . . . , t r , where each lies in {U'). Now we can substitute these relations into 
the relations (|6.16|) for q r -i^ in the case j = r, eliminating all variables of the form q r ^ that 
occur in T®_ Xi for a > d r . This produces decoupling relations expressing each q r ~i,i as an 
element of (U f ), for i = 1, . . . , t r -\. 

Inductively, once we have constructed decoupling relation for all elements of the form 
q kj i with j < k < r and I = 1, . . . , t k , we can eliminate all variables of the form q k j for 
j < k < r in the relations (|6.16|) for fy-i^. We obtain decoupling relations expressing each 



for i = 1, . . . , tj-i, as an element of (U'). At the end of this procedure, we have a 
decoupling relation for each element of U of weight wq+1. We repeat this entire procedure 
for weights wq + 2, wo + 3, etc. This shows that if we work over the field C(k), we can 
find a complete set of decoupling relations, expressing each element of U as an element 
of (W). Now we are ready to prove Theorem ll.il 

Proof of Theorem IQ1 For arbitrary k, let >V(g, B, G) k C V k (g,B) G denote the vertex sub- 
algebra generated by U'. Clearly (W) C W(g,B,G) k/ and we have (If) = W(g,B,G) k 
precisely when W(g, B, G) k is strongly generated by U'. In each weight w, the construc- 
tion of our decoupling relations required us to invert a finite set of determinants over C(k) 
which are certain rational function of k, so finitely many values of k must be excluded. 
Taking the union of these excluded values over all weights, it follows that the set of k for 
which the equality 

(6.17) (U') = W(q, B, G) k = V k ( Q , Bf 

can fail is at most countable. Therefore (|6.17[) holds for generic values of k. □ 

Recall that a deformable W-algebra is a family of vertex algebras W k , equipped with 
strong generating sets A k = {a\, . . . , a^}, whose structure constants are continuous func- 
tions of k with isolated singularities. The structure constants are just the coefficients of 
each normally ordered monomial in the elements of A k and their derivatives appearing 
in the OPE of all(z)a k Aw), for i,j = l 



r. 



Proof of Corollary [772] We claim that the vertex algebra W(g, B,G) k generated by U' as 
above is a deformable W-algebra. Let E c C be the set of all values of k for which 
(£/') = W(g, B, G) k . A priori, it is possible that the set D on which (|6.17|) holds, is a proper 



subset of E. In other words, there may be values of k for which (V) = W(g, B,G) k , 
but W(g, B,G) k is a proper subset of V k (g,B) G . For k e E, the structure constants of 
W(g, B, G) k are clearly rational functions of k. Since there are only finitely many struc- 
ture constants, there can be only finitely many singular points kx, . . . , k t , and we have 

E = C\{k 1 ,...,k t }. ' □ 

Unlike the algebras W(g, f) k associated via quantum Drinfeld-Sokolov reduction to a 
simple, finite-dimensional Lie algebra g and a nilpotent element / eg, the vertex algebras 
W(g, B, G) k are in general not freely generated. To see this, let V be a vertex algebra in 
the category 1Z, equipped with a good increasing filtration V( ) C V(i) C ■ • • . Suppose 
that V is freely generated by some collection {<Xi(z)\i G /}, where cij(z) e V^) \ V^-i). 
Since there are no normally ordered polynomial relations among the generators and their 
derivatives, it follows that gr(V) is the polynomial algebra with generators a, = 4>dfai(z)) 
and their derivatives. Hence V cannot be freely generated if grCV) is not a polynomial 
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algebra. In general, for a group G and linear G-representation V, (Sym J>O Vf) G is not a 
polynomial algebra, so W(q, B, G) k will not be freely generated. 

7. A CONCRETE EXAMPLE: g = sl 2 AND G = SL(2) 

In this section we consider the SX (2) -invariant subalgebra of Vk(sl 2 ) in order to give 
the reader a feeling for the structure of the invariant vertex algebras studied in this paper. 
The vertex algebra V k (sl 2 ) SL ^ was previously studied in [BFHJ, where it was conjectured 
to be strongly finitely generated. We work in the usual root basis x, y, h satisfying 

[x, y] = h, [h, x] = 2x, [h, y] = -2y. 

The generators X x (z), X y (z), X h (z) of V k (sl 2 ) satisfy 

X x {z)X y {w) ~ k(z - w)- 2 + X h {z - w)~\ X h {z)X h {w) ~ 2k{z - w)" 2 , 
X h (z)X x (w) ~ 2X x (z - w)-\ X h (z)X y (w) ~ -2X y {z - w)~ x . 



We need the following theorem of Weyl [Wej which describes polynomial invariants for 
the adjoint representation of sl 2 . 

Theorem 7.1. For n > 0, let V n be a copy of the adjoint re-presentation of sl 2 , with basis 
{a£, a*, <}. Then (Sym 0^1 O V n ) sh is generated by 



(7.1) 
(7.2) 



a\a) + 2a x a] + 2a x a\, 



i,j>0, 



Cklr, 



a k a k a k 



a!L a x al 



< k < I < m. 



The ideal of relations among the variables and c k \ m is generated by polynomials of the following 
two types: 

(7.3) 

QijCklm QkjG-ilm QljCkim QmjCklii 



(7.4) 



1 

+ 4 



Qjl Qjm Qjn 
Qkl Qkm Qkn 



Recall that sl 2 = so 3 as complex Lie algebras, and the adjoint representation V of sl 2 
is isomorphic to the standard representation W of so 3 . Hence for Vj = V and Wj = W, 
the invariant rings (Sym >o V,) 8 ' 2 and (Sym J>O Wj) s ° 3 are isomorphic, and we may 
identify these rings. Recall that 5*0(3) acts on the Heisenberg algebra 7/(3), and we have 
linear isomorphisms 

(7.5) H(3) so{3) = gr(H(3)) so{3) = (Sym = gr(V k (sl 2 )) SL{2) = V k (sl 2 ) SL{2) 
and isomorphisms of <9-rings 

(7.6) gr(U(3)) so ® - (5p0^) sIs - gr(V k (5l 2 )) SL ^. 

Under (|7.5[) , the generating set {g^-, c k i m } for (Sym J>O Vj) sl ' 2 corresponds to strong gen- 
erating sets {Qij, C k im} for H(3) 5 ° (3) and {Qij, C k i m } for V k (sl 2 ) SL< - 2 \ respectively, by Lemma 
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13.11 In this notation, Q^ corresponds to the element Uij given by (|5.5|) , and Qo^m corre- 
sponds to j 2m , which is given by (|5.6[) . Note that Qij and Qij have weight % + j + 2, and 
Ckim and Cjfci m have weight k + l + m + 3. In terms of the generators X x , X y ', X h for Vfc(st 2 ), 
we have 

(7.7) Q - =: d i X h d j X h : +2 : d i X x d j X y : +2 : &X V &X X :, 

(7 feZm =: d k X x d l X v d m X h : - : d k X x d m X v tfX h : - : d l X x d k X v d m X h : + : d l X x d m X y d k X h 

(7.8) + : d m X x d k X v d l X h : - : d m X x d l X y d k X h : . 

It is clear from Theorem 17. 1 1 that (Sym ® - >0 V}) ' 2 is not a polynomial ring, so V r fc (st 2 )' SL ^' ) 
is not freely generated by any set of vertex operators. 

Next, we find a strong finite generating set for % (3) sot ®, using the structure of H(3) so ^ 
as a module over U(3) 0{ ® and the fact that H{3)°^ is a W-algebra of type W(2, 4, 6, ... , 18) 
By Theorem 6.1 of |LIII| , for any G C 0(3), there is a finite set of irreducible, highest- 



weight "H(3)°( 3 )-submodules of H(3) whose direct sum contains a strong generating set 
for T-i(3) G . In the case G = 50(3), we only need two such modules Mo and M, where 
Mo = T-i(3)°^'\ which has highest-weight vector 1 and contains all the quadratics Q^, 
and M has highest- weight vector O i2 and contains all the cubics Ckim- 

Recall from [LIIIJ that the Lie algebra V generated by {j 2l (k)\ k, I > 0} acts by deriva- 
tions of degree zero on gr(l-L{3)) so(jl \ Let M! C M. be the P-submodule of M. generated 
by C i2, which lies in the filtered component -M( 3 ) since C m2 G M.^) and V preserves the 
filtration. By Lemma 6.6 of IILIIII1 , M! is spanned by elements of the form 

(7.9) f h (h)f h (k 2 )j^(h)C 0l2 , h<5, 

since we have d = 3 and m = 2 in this case. Without loss of generality, we may assume 
that k > lj for i,j = 1,2,3, and ki < kj whenever ^ = lj. Letting 'H(3)°^[k] denote the 
subspace of conformal weight k, define the Wick ideal Mwick C M. to be the subspace 
spanned by 

: a(z)b(z) :, a(z) G 0H(3) o(3) [/e], b{z) G M. 

k>0 

By Lemma 6.7 of fLlII], M /M wick is finite-dimensional, so there exists a finite set S d M. 
such that M is spanned by the elements 

:uj 1 {z)---uj t {z)a{z):, Uj(z) G ^(3)° (3) , a(z) G S. 

It follows from the proof of Lemma 6.7 of [LlHf that 5 can be taken to be a subset of M.'. 
We claim that S can be taken to be any basis for the subspace of M 1 of weight at most 327. 
Since j 2l (k) has weight 21 - k + 1 and O i 2 has weight 6, (j 106 (0)) 3 O i2 has weight 327. It 
follows that for any element 

^ = j 2h {ki)f 2 {k2)3 2h {h)C m2 eM' 

of the form (|7.9[) of weight greater than 327, we must have 2l\ > 108. The minimal weight 
of j 2ll (ki) is 104 and occurs if 2li = 108 and k\ = 5. Using the decoupling relation j 211 = 
Qih 0°) • • • ^ J 16 )/ t ne operator j 2ll (ki) can be expressed as a linear combination of operators 
of the form 

(7.10) f n (si)---f n (st), 2r,<16, s.eZ. 
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Using the formula 



(7.11) (: ab :) o n c = £ 1 : (<9 fe a)(& o n+fe c ) : +(-l)N 6 l ^ 6 



^1 • \^ "-y \" ~n-t-K • i \ — y / ^ " -n—k—1 \^ Cj 
fe>0 ' fc>0 



which holds for any n > and any vertex operators a, 6, c in a vertex algebra A, it is easy 
to check that j 2ll (ki) is a linear combination of terms of the form (|7.10[) with 1 < t < 6, 



and X^i=i = 6 — t. The maximal weight of such terms involving no creation operators is 
102, since (j 16 (0)) 6 has weight 102. Since j 2ll (ki) has weight at least 104, each term of the 
form ()7.10[) will involve creation operators. Therefore to lies in the Wick ideal. 

Since all terms of the form (|7.9|) are linear combinations of the Cum, we may take 

S = {Ckim\ wt(Ckim) = k + l + m + 3 < 327}. 

Theorem 6.9 of ||LIII | ] then shows that S U {Qo,2j\ < j < 8} is a strong finite generating 
set for l-L(3) so ( 3 \ Finally, by combining this with our main result we obtain 

Theorem 7.2. The corresponding set 

{C klm \ k + l + m< 324} U {Qo, 2i | < j < 8} C V k {s[ 2 ) SL{ - 2 \ 

where Qij and Ckim are given by (17.7M7.8P , z's a strong finite generating set for V k (sl 2 ) SL ^ for 
generic values ofk. 

Computer calculations indicate that this strong generating set is much larger than nec- 
essary. We hope to return to the question of finding minimal strong generating sets for 
these vertex algebras in the future. 
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